Let G be a Lie group and H its subgroup, and M q , N r two submanifolds of dimensions q, r, respectively, in the Riemannian homogeneous space G/H. A kinematic integral formula for the angle between the two intersected submanifolds is obtained.
Introduction
Kinematic formulas in integral geometry are important and useful. At the beginning of [], Chern said: 'one of the basic problems in integral geometry is to find explicit formulas for the integrals of geometric quantities over the kinematic density in terms of known integral invariants' . He proved the fundamental kinematic formula in n-dimensional Euclidean space R n in [] . In [] , he provided integral formulas for the quantities introduced by Weyl for the volume of tubes. These formulas complement the fundamental kinematic formula, which only deals with hypersurfaces. They can be found in [] and [] . Now we state the aim of kinematic formulas in general homogeneous spaces. Let G be a unimodular Lie group with kinematic density dg and H a closed subgroup of G. Assume that there exists an invariant Riemannian metric in the homogeneous space G/H. Let 
by the well-known integral invariants of M q and N r .
The integral formulas have been studied by many geometers from various viewpoints. For example, in the case that G is the group of motions in R n , M q , and N r are submanifolds of R n and 
angle between two intersected submanifolds (the angle between M q and gN r is an integral invariant []) and the explicit formula is still obscure to us. In this paper, we will discuss the second problem and obtain an extrinsic kinematic formula. Let G(n) be the group of rigid motions in R n and O(n) the group of rotations in R n .
Denote by dg the invariant measure of the group G(n) which is the product measure of the Lebesgue measure of R n and the invariant measure of SO(n), where the invariant measure 
where
Preliminaries
In this section, we review some basic facts about the angle between intersected submanifolds in R n and present an important density formula.
The angle between intersected submanifolds
We first introduce the angle between two vector subspaces below, which will be useful for later purposes. Let V and W be vector subspaces of dimensions p and q, respectively.
Let v p+ , . . . , v n be an orthonormal basis of N(V ) and w q+ , . . . , w n an orthonormal basis of N(W ), that is,
N(W ) = span{w q+ , . . . , w n }, the normal spaces to V , W , respectively. The angle between subspaces V and W is defined by
where Similarly if g is an isometry of R n , then (gV , gW ) = (V , W ).
Let M q and N r be two submanifolds of dimensions q, r in R n , respectively. We assume M q fixed and N r moving under the rigid motion g of R n with the kinematic density dg.
dg is the invariant measure of G(n) and has the decomposition dg = dx dγ , where dx is the Lebesgue measure of R n and dγ is the invariant measure of SO(n). Consider generic positions gN r so that the intersection M q ∩ gN r is a (q + r -n)-dimensional manifold. We make use of the following convention on the ranges of indices:
Let {x; e A } be a local orthonormal frame at x ∈ M q , and e  , . . . , e q are tangent to M q at x.
Similarly, let {x ; e A } be a local orthonormal frame at x ∈ gN r , and e  , . . . , e r are tangent to gN r at x . Suppose that g is generic, so that M q ∩ gN r is of dimension q + r -n. We restrict the above families of frames by the condition
Geometrically the latter means that x ∈ M q ∩ gN r and e α 's are tangent to M q ∩ gN r at x.
The two submanifolds M q and N r at x have a scalar invariant, the angle between M q and N r , i.e.,  = det e λ , e ρ = det e a , e h .
In the case that M q and N r are both hypersurfaces (q = r = n -) it is the absolute value of the cosine of the angle between their normal vectors.
Some relations between densities of linear subspaces
Let O be a fixed point (origin) and let [O] ). We consider the following two orthonormal moving frames:
Moving frame :
• e r+q-n+ , . . . , e r lie on L r [O] ;
• span{e r+ , . . . , e n } are arbitrary unit vector that complete orthonormal frame . Moving frame :
• e r+q-n+ , . . . , e r are constant unit vectors in the
• e q+ , . . . , e n are contained in L q [O] such that they form an orthonormal frame in L q [O] together with e  , e  , . . . , e r+q-n . By these notations, we have
with the following ranges of indices, which will be used throughout the rest of this section:
The total measure of the unoriented r-planes of R n through a fixed point (i.e., the volume of the Grassmann manifold G r,n-r ) is
where O i is the surface area of the i-dimensional unit sphere. We also have the following density formulas: 
where = det(e r+α , e k ). 
An important differential formula
where α h and β j are -forms. Thus
where is the (n -r) × (n -r) determinant = e j , e r+h (j, h = , , . . . , n -r).
The exterior product β j (j = , , . . . , n -r) is the (n -r)-dimensional volume element on M q in the direction of the tangent (n -r)-plane orthogonal to M q ∩ N r . Therefore, denote by dσ q+r-n (x) the volume element of M q ∩ N r at x, then
where dσ q (x) is the q-dimensional volume element of M q at x.
where C(n) is a constant (independent of x and the manifolds M q , N r ) that depends on the dimensions q, r and is given by the integral C(n) = k+ dg [x] taken over all positions of N r about x.
Next, we turn our attention to the computation of the coefficient C(n). Notice that Thus we complete the proof of Theorem .
